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Abstract
We show that the analogue of the Erdo+s–Tura´n conjecture, for the number of
representations by a basis of order two of an additive semi-group, does not hold in a variety
of additive groups derived from those of certain ﬁelds. This is done by explicitly constructing
some bases for which we estimate the maximal number of representations of the elements of
the group as a sum of two elements from the given basis.
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1. Introduction
The celebrated Erdo+s–Tura´n conjecture [2–4] asserts that if A is a subset of the set
N of natural numbers such that every element n of N can be represented as a sum of
two elements of A; in which case A is called a basis of N; then the number of such
representations is an unbounded function of n: While this is still an open problem in
N; a natural related question which has been raised is: in which abelian semi-groups
is the analogue of this conjecture valid? In [1], it was shown that its validity in the
additive group Z of rational integers would imply its validity in N: But it was shown
in [6] that the conjecture does not hold in Z: In fact, its failure to hold in arbitrary
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abelian groups was ﬁrst established by Pusˇ in [9]. More recently, Nathanson [7]
proved that large classes of additive abelian semigroups fail in a spectacular way to
satisfy the Erdo+s–Tura´n property. On the other hand, in [10], while establishing that
the number of representations by a basis of N is bounded in the mean square, Ruzsa
constructed bases for the product of the additive group of Z=pZ by itself, where p is a
prime number, for which the number of representations is bounded by 18. We
establish similar results for the product of the additive group of any ﬁnite or
algebraically closed ﬁeld by itself, as well as for the direct sum of an inﬁnite
denumerable family of copies of the additive group of a prime ﬁeld, provided those
ﬁelds are of characteristic a2:
2. Generalities
2.1. Definitions and notations
Let S be an additive abelian semi-group, i.e. S is a set endowed with an additive
composition law þ which is associative, commutative and has a zero element 0. For
any subset A of S; we write A þ A ¼ fa þ b : ða; bÞAA  Ag: For any xAS; let
rðA; xÞ ¼ jRðA; xÞj; where RðA; xÞ ¼ fða; bÞAA  A : a þ b ¼ xg and jEj denotes the
cardinality of the set E; in N ¼ N,fNg: Furthermore, let sðAÞ ¼
supfrðA; xÞ : xASg; also lying in N: We say that A is a basis of S if A þ A ¼ S;
i.e. if rðA; xÞ40 for all xAS: We write BðSÞ for the set of all bases of S and set
tðSÞ ¼ inffsðAÞ : AABðSÞg:
More generally, for any subsets A; B of S and any xAS; let RðA; B; xÞ ¼
fða; bÞAA  B : a þ b ¼ xg and rðA; B; xÞ ¼ jRðA; B; xÞj; so that RðA; A; xÞ ¼
RðA; xÞ and rðA; A; xÞ ¼ rðA; xÞ: Let sðA; BÞ ¼ supfrðA; B; xÞ : xASg; in particular
sðA; AÞ ¼ sðAÞ:
2.2. Simple properties
(1) If A and B are subsets of S such that ACB; then rðA; xÞprðB; xÞ for all xAS;
and thus sðAÞpsðBÞ:
(2) For any subsets A; B of S and any xAS; we have rðA,B; xÞprðA; xÞ þ rðB; xÞ þ
2rðA; B; xÞ; since RðA,B; xÞ ¼ RðA; xÞ,RðB; xÞ,RðA; B; xÞ,RðB; A; xÞ and
RðB; A; xÞ is in natural bijection with RðA; B; xÞ: Thus sðA,BÞpsðAÞ þ sðBÞ þ
2sðA; BÞ:
(3) If A is a ﬁnite subset of S; then jAj2 ¼PxASrðA; xÞ; since the sets RðA; xÞ; for







¼ jAjðjAj þ 1Þ=2: In particular, if S is ﬁnite and A is a basis of
S; then jSjpjAjðjAj þ 1Þ=2; so that jAjXð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ8jSj þ 1p 
 1Þ=24 ﬃﬃﬃﬃﬃﬃﬃﬃ2jSjp 
 1:
(4) Let S and T be two additive semi-groups and S  T the product semi-group.
Let A and B be subsets of S and T ; respectively. For any ðx; yÞAS  T ;
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we have rðA  B; ðx; yÞÞ ¼ rðA; xÞrðB; yÞ; since the set RðA  B; ðx; yÞÞ is in
natural bijection with RðA; xÞ  RðB; yÞ: Thus sðA  BÞ ¼ sðAÞsðBÞ:
Moreover, A  B is a basis of S  T if and only if A is a basis of S and B is
a basis of T :
2.3. Remark. The analogue of the Erdo+s–Tura´n conjecture in inﬁnite semi-groups S
is: if A is a basis of S; then sðAÞ ¼N: As shown below, this is not in general
true. Thus, a more general question is the following one: in any semi-group S;
to determine the value of tðSÞ; or at least to determine if tðSÞ is ﬁnite or
inﬁnite.
3. Bases in some additive groups
3.1. Theorem. Let K be an algebraically closed field of characteristic a2; G the
additive group of K  K and A ¼ fðx; x2Þ : xAKg: Then A is a basis of G and
sðAÞ ¼ 2:
Proof. Let ða; bÞAG: Then rðA; ða; bÞÞ is the number of pairs ððx; x2Þ; ðy; y2ÞÞ in
A  A such that ðx þ y; x2 þ y2Þ ¼ ða; bÞ; i.e. y ¼ a 
 x and x2 þ ða 
 xÞ2 ¼ b:
Therefore rðA; ða; bÞÞ is the number of elements xAK such that 2x2 
 2ax þ a2 
 b ¼
0: This is a quadratic equation in x; since the characteristic of K isa2; it has at least
one and at most two solutions in K ; since K is an algebraically closed ﬁeld. Thus
rðA; ða; bÞÞ ¼ 1 or 2, for any ða; bÞAG: In other words, A is a basis of G and sðAÞp2:
Moreover, there is at least one element ða; bÞAG for which rðA; ða; bÞÞ ¼ 2; e.g.
ða; bÞ ¼ ð0; 1Þ: Thus sðAÞ ¼ 2: &
3.2. Remark. If K has characteristic 2, then Theorem 3.1 does not hold. Indeed, in
that case we would have ðx þ yÞ2 ¼ x2 þ y2 for any x; yAK ; so that A þ A ¼ A; and
AaG; since if xay then x2ay2 in K ; and thus ðx; y2ÞeA; therefore A is not a basis
of G: Moreover, since an algebraically closed ﬁeld is inﬁnite, G is inﬁnite and
therefore any basis A of G is inﬁnite, so that, when K has characteristic 2, since
ð0; 0Þ ¼ ða; bÞ þ ða; bÞ; for any ða; bÞAA; we have sðAÞ ¼N:
3.3. Corollary. Let F be a prime field of characteristic a2 (i.e. F ¼ Fp ¼ Z=pZ for a
prime number pa2 or F ¼ Q), C its additive group and S ¼ CðNÞ the direct sum of a
denumerable family of copies of C: Then the group S has a basis A such that sðAÞ ¼ 2:
Proof. Let K be an algebraic closure of F : By a well-known result [5, Chapter 5], K is
a ﬁeld extension of F of denumerable degree. Therefore K  K is an F -vector space
of denumerable dimension, hence isomorphic to the F -vector space F ðNÞ whose
additive group is the same as that of S: Thus S is isomorphic to the additive group G
of K  K : By Theorem 3.1, G has a basis A such that sðAÞ ¼ 2; therefore the same is
true of S; by isomorphism. &
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3.4. Lemma. Let K be a field of characteristic a2: For any uAK ; let AðuÞ ¼
fðx; ux2Þ : xAKg; considered as a subset of the additive group G of K  K : Then, for
any u; vAK such that u þ va0; the set AðuÞ þ AðvÞ consists exactly of all the elements
ða; bÞAG such that bðu þ vÞ 
 a2uv is a square in K ; and we have sðAðuÞ; AðvÞÞ ¼ 2:
Proof. Let ða; bÞAG: Then rðAðuÞ; AðvÞ; ða; bÞÞ is the number of pairs
ððx; ux2Þ; ðy; vy2ÞÞ in AðuÞ  AðvÞ such that ðx þ y; ux2 þ vy2Þ ¼ ða; bÞ; i.e. y ¼ a 

x and ux2 þ vða 
 xÞ2 ¼ b: Therefore rðAðuÞ; AðvÞ; ða; bÞÞ is the number of elements
xAK such that ðu þ vÞx2 
 2avx þ a2v 
 b ¼ 0: This is a quadratic equation in x;
since u þ va0; it has exactly one or two solutions in the ﬁeld K if and only if its
discriminant 4a2v2 
 4ðu þ vÞða2v 
 bÞ ¼ 4ðbðu þ vÞ 
 a2uvÞ is a square in K : Since
the characteristic of K is a2; the non-zero square factor 4 can be discarded in the
latter condition. Moreover, for ða; bÞ ¼ ð0; u þ vÞ; this condition is satisﬁed and the
quadratic equation has the two solutions x ¼71: Thus, for any ða; bÞAG; we have
rðAðuÞ; AðvÞ; ða; bÞÞp2; with equality attained for some elements ða; bÞ; so that
sðAðuÞ; AðvÞÞ ¼ 2: Moreover, ða; bÞ lies in AðuÞ þ AðvÞ; i.e. rðAðuÞ; AðvÞ; ða; bÞÞ40; if
and only if bðu þ vÞ 
 a2uv is a square in K : &
3.5. Remark. If the ﬁeld K has characteristic 2, then in the above proof, the
quadratic equation yielding the value of rðAðuÞ; AðvÞ; ða; bÞÞ becomes ðu þ vÞx2 þ
a2v 
 b ¼ 0; which has exactly one solution if and only if ðu þ vÞðb 
 a2vÞ is a square
in K; and in particular if ða; bÞ ¼ ð0; u þ vÞ: Thus AðuÞ þ AðvÞ consists of the
elements ða; bÞAG such that ðu þ vÞðb 
 a2vÞ is a square in K ; and sðAðuÞ; AðvÞÞ ¼ 1:
3.6. Notations. For a ﬁeld K; we denote by K ¼ K\f0g the multiplicative group of
K and by SðKÞ ¼ fx2 : xAKg the subgroup of the square elements of K:
3.7. Lemma. If K is a finite field of characteristic a2; then the index of the subgroup
SðKÞ in the multiplicative group K is 2. Thus the product of two non-square elements
of K is a square element of K:
Proof. In any ﬁeld K ; we have the multiplicative group homomorphism s : K-K;
deﬁned by sðxÞ ¼ x2; whose kernel is ker s ¼ f71g and whose image is sðKÞ ¼
SðKÞ: Therefore s induces an isomorphism s : K=f71g-SðKÞ: Thus, when K is
ﬁnite of characteristic a2; we have jSðKÞj ¼ jKj=2; i.e. jK=SðKÞj ¼ 2; i.e. the
index of SðKÞ in K is 2. Hence K is the union of the two disjoint cosets SðKÞ and
d  SðKÞ; where d is an arbitrary non-square element of K; i.e. the set of non-
squares in K is exactly d  SðKÞ: Therefore the product of two non-squares is a
square. &
3.8. Remark. In an arbitrary ﬁeld K ; the index of SðKÞ in K may be greater than 2
and thus the product of two non-square elements is not necessarily a square element
in K; e.g. in local ﬁelds, this index is at least 4 [8, Section 63A] On the other hand, if
K has characteristic 2, the kernel of the homomorphism s is reduced to f1g; so that s
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induces an isomorphism from K onto SðKÞ: Thus if K is a ﬁnite ﬁeld of
characteristic 2, then, SðKÞ being a subgroup with the same ﬁnite cardinality as K;
we have SðKÞ ¼ K: The latter property is not restricted to ﬁnite ﬁelds, since it is
also valid in any algebraically closed ﬁeld. It is also not valid in all ﬁelds of
characteristic 2, since e.g. in K ¼ F2ðXÞ the polynomials containing odd degree
powers are not squares in K:
3.9. Lemma. If K is a field such that SðKÞaK (in particular, if K is a finite field of
characteristic a2) and if jK jX7; then there exists elements j; kAK such that
jASðKÞ; keSðKÞ; ka
 j; ka
 3j and ja
 3k:
Proof. By assumption, the index of SðKÞ in K is X2; so that jK\SðKÞjX1
2
jKj
(the inequality being trivial if K is inﬁnite). Thus, if jK jX9 then jK\SðKÞjX4 and





if the characteristic of K is a3
(resp. ka
 1 if the characteristic of K is 3); then, taking j ¼ 1; we get a pair of
elements j; k satisfying the required conditions. The case jK j ¼ 8 is impossible, since
K ¼ F8 is a ﬁnite ﬁeld of characteristic 2, in which SðKÞ ¼ K (Remark 3.8),
contrary to the assumption. Finally, if jKj ¼ 7; i.e. K ¼ Z=7Z; then SðKÞ ¼
f1; 2; 4g and we may take j ¼ 1 and k ¼ 3 or 5, to satisfy the conditions. &
3.10. Remark. The ﬁnite ﬁelds to which Lemma 3.9 does not apply are the ﬁelds F2n ;
of characteristic 2, which do not satisfy its assumption. Those for which Lemma 3.9
does not hold are F3 and F5; since SðF3Þ ¼ f1g and F3\SðF3Þ ¼ f
1g; while SðF5Þ ¼
f71g and F5\SðF5Þ ¼ f73g:
3.11. Lemma. Let K be a finite field of characteristic a2 such that jK jX7: Let j;
kAK such that jASðKÞ; keSðKÞ; ka
 j; ka
 3j and ja
 3k; set n ¼
2jk=ð j þ kÞ: Denote by G the additive group of K  K and, for any uAK ; AðuÞ ¼
fðx; ux2Þ : xAKg: Then
(1) G ¼ ðAð jÞ þ AðkÞÞSðAðnÞ þ AðnÞÞ:
(2) The set B ¼ Að jÞ,AðkÞ,AðnÞ is a basis of G and sðBÞp18:
Proof. The existence of j and k is secured by Lemma 3.9.
(1) By deﬁnition of j; k; n; we have j þ ka0 and 2na0: Therefore, by Lemma 3.4,
Að jÞ þ AðkÞ ¼ fða; bÞAG : bð j þ kÞ 
 a2jkASðKÞg,f0g and sðAð jÞ; AðkÞÞ ¼ 2; si-
milarly, AðnÞ þ AðnÞ ¼ fða; bÞAG : 2bn 
 a2n2ASðKÞg,f0g and sðAðnÞ; AðnÞÞ ¼ 2:
Set e ¼ bð j þ kÞ 
 a2jk and f ¼ 2bn 
 a2n2: Thus an element ða; bÞ of G lies in
Að jÞ þ AðkÞ (resp. in AðnÞ þ AðnÞ) if and only if e (resp. f ) is a square in K: By
deﬁnition of n; we have 2bn 
 a2n2 ¼ 4jkð jþkÞ2ðbð j þ kÞ 
 a2jkÞ; i.e. f ¼
4jk
ð jþkÞ2 e: Since
4
ð jþkÞ2 is a square, then f is a square in K if and only if jke is. Moreover, jk is not a
square in K ; by deﬁnition of j and k: By Lemma 3.7, the product of two non-squares
is a square in K: Therefore jke is a square if and only if e is not. Thus f is a square in
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K if and only if e is not. Hence an element ða; bÞað0; 0Þ of G lies in AðnÞ þ AðnÞ if
and only if it does not lie in Að jÞ þ AðkÞ: Therefore G ¼ ðAð jÞ þ AðkÞÞ,ðAðnÞ þ
AðnÞÞ:
(2) We have B ¼,iAI AðiÞ; where I ¼ f j; k; ng: Hence B þ B ¼
S
ðh;iÞAIIðAðhÞ þ
AðiÞÞ: In particular, B þ B contains ðAð jÞ þ AðkÞÞ,ðAðnÞ þ AðnÞÞ ¼ G; in view of
(1). Thus B is a basis of G: Moreover, for any gAG; we have rðB; gÞ ¼
j,ðh;iÞAIIfðu; vÞAAðhÞ  AðiÞ : u þ v ¼ ggjp
P
ðh;iÞAII jfðu; vÞAAðhÞ  AðiÞ : u þ v ¼
ggj ¼Pðh;iÞAII rðAðhÞ; AðiÞ; gÞp
P
ðh;iÞAII sðAðhÞ; AðiÞÞ: The sums h þ i; for
ðh; iÞAI  I ; are 2j; 2k; 2n ¼ 4jk
jþk; j þ k; j þ n ¼ jð jþ3kÞjþk ; k þ n ¼ kðkþ3jÞjþk ; all of which
are a0 in view of the assumptions. Therefore, by Lemma 3.4, sðAðhÞ; AðiÞÞ ¼ 2 for
all ðh; iÞAI  I : Hence rðB; gÞpPðh;iÞAII sðAðhÞ; AðiÞÞ ¼ 2jI  I j ¼ 18; for any
gAG: Thus sðBÞp18: &
The constructions and results in 3.4 and 3.11 are inspired from [10].
3.12. Theorem. Let K be a finite field of characteristica2 and G the additive group of
K  K : Then there exists a basis B of G such that sðBÞp18:
Proof. If jK jX7; then the result follows from Lemma 3.11. The remaining ﬁnite
ﬁelds of characteristica2 are F3 and F5; since jKj is a power of the characteristic of
K :
For K ¼ F3; the set T ¼ f0; 1g is a basis of K and sðTÞ ¼ 2: Hence, by 2.2, (4), the
set B ¼ T  T is a basis of G and sðBÞ ¼ 4:
Similarly, for K ¼ F5; the set T ¼ f0; 1; 2g is a basis of K and sðTÞ ¼ 3: Hence
B ¼ T  T is a basis of G and sðBÞ ¼ 9: &
3.13. Remark. If K has characteristic 2, then Theorem 3.12 does not hold. Indeed, in
that case, we have g þ g ¼ ð0; 0Þ for all gAG; so that, for any basis B of G;
we have sðBÞXrðB; ð0; 0ÞÞ ¼ jBj: Moreover, by 2.2, (3), we get jBj4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2jGjp 
 1:




 1: Therefore, depending
on the cardinality of K ; the value of sðBÞ; for any basis B of G; can be
arbitrarily large.
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